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Introduction

.I. Definitions
All graphs considered are finite. A graph is simple if it contains no loops or multiple edges. Let G be a graph; E(G) and V(G) denote the sets of edges and vertices of G, respectively. A subset S of E(G) is an edge-cut if its removal leaves a graph with more components.
S is a k-edge-cut if 1 SI = k. A bridge is a l-edge-cut. For S a subset of E(G), we denote by G [S] the graph such that E(G [S] ) = S, whose vertices are the ends of the edges of S. A vertex is said to be a cut-vertex if its removal increases the number of components of the graph. A weighted graph is one for which a positive integer w(e) is associated with each edge of G. If A is a subset of E(G) (a subgraph of G), then w(A) denotes the sum of the weights of the edges which belong to A (E(A)). From now on, a graph is considered as a weighted graph for which w(e)= 1 for each edge of G.
A closed walk in G is an alternating sequence of vertices and edges which starts and ends at the same vertex and is such that consecutive vertices and edges are incident. The length of a walk T is the sum of the weights of the edges of the sequence and is denoted by l(T). A postman tour is a closed walk which includes every edge of G.
A cycle is a closed walk with distinct edges and vertices. A cycle cover C of G is a set of cycles such that each edge of G belongs to at least one cycle of C. The length of C is the sum of the lengths of the cycles in C and is denoted by 1(C). An even graph is one in which every vertex is of even degree. Veblen's characterization of even graphs states that a graph is even if and only if it has a decomposition into edge-disjoint
cycles. An eulerian valuation v on a graph G is a function mapping E(G) to { 1,2} such that, for every edge-cut A, the number
We call (1) the eulerian condition.
Remark. The following facts are easy to prove:
(1) A function mapping E(G) to { 1, 2}, such that, for every vertex of G, the sum of the values of the incident edges is even, is an eulerian valuation.
(2) An eulerian valuation of a graph gives a postman tour.
The weight of an eulerian valuation v is the length of the corresponding postman tour and is denoted by l(v). This concept can easily be extended to weighted graphs as well. In this case the weight W of an eulerian valuation of such graph is defined by
W= C v(e)w(e).
eeE(G)
The main results
Itai and Rodeh [S] proved that a bridgeless graph has a postman tour of length at most IE(G)I + 1 V(G)1 -1. In this paper we improve this upper bound for simple graphs.
Theorem 1.1. If G is a bridgeless simple graph different from K4, then it has a postman tour of length at most IE(G)I+I V(G)I-3.
A shortest postman tour in K4 has a length equal to I E(G)1 + I V(G)1 -2, and in the complete bipartite graph K3,3m (ma 1) such a tour has length at least
Hence, this result is best possible. We now give another upper bound for the minimally 2-edge connected graphs. The complete bipartite graph Ka,,, (n odd) shows that this result is best possible.
Relationship with the shortest cycle cover problem
We shall denote by p(G) the length of a shortest postman tour and by c(G) the length of a shortest cycle cover of a graph G. It is well known that, for any bridgeless graph, p(G)<c(G) and that, for the Petersen graph, p(G)<c (G) [8]. Nothing is known about the complexity of minimizing the length of a cycle cover of a bridgeless graph. It is conjectured to be NP-complete [7] . However a shortest postman tour can be found in polynomial time (see [3] ). So, it is useful to describe families of graphs for which
We give a summary of the known results:
Theorem 1.3. Let G be a graph. Then we have c(G)=p(G)
in the following cases:
(a) G is a bridgeless planar graph [2, 61.
(c) G is a bridgeless graph which contains no subgraph contractible to K3,3 [9] .
(d) G is a bridgeless graph containing no subdivision of the Petersen graph [l].
Remark. A bridgeless graph which contains no subgraph contractible to K,,, has a nowhere-zero 4-flow [13] . Case (c) comes from the case (b).
For definitions and a survey of the flows in the graphs, see [lo] . From Theorems 1.1 and 1.3(b) and (d), we deduce two corollaries.
Corollary 1.4. If G is a simple graph differentfrom K4 and having a nowhere-zero ~-POW, then G has a cycle cover Csuch that l(C)<IE(G)I+I V(G)\-3.
This result was directly proved in [ 151 for graphs with a nowhere-zero 3-flow and in [ 121 for graphs with a nowhere-zero 4-flow. Note that graphs having a nowhere-zero flow are necessarily bridgeless. 
&C)GIE(G)I+IVG)I-3.
A summary of the obtained upper bounds for the length of shortest cycle covers can be found in [9] . We just recall that Itai and Rodeh [S] (open problem (i)) have conjectured that every bridgeless graph has a cycle cover of length at most IE(G)I + I V(G)1 -1. They have proved this for graphs with two edge-disjoint spanning trees. We note that their result can be obtained by utilizing Theorem 1.3(b) and the fact that such graphs have a nowhere-zero ~-ROW. But the conjecture is still open.
The corollaries obtained from Theorems 1.1 and 1.3 lead us to propose the following conjecture.
Conjecture. Every bridgeless simple graph different from K4 has a cycle cover of length at most [E(G)1 + 1 V(G)1 -3.
Vertex cycle covers
A vertex cycle cover of a graph G is a set of cycles such that each vertex of G belongs to at least one cycle in the set. The following conjecture has been proposed in [2] .
Conjecture. Every 2-connected
graph has a vertex cycle cover of length at most
We observe again that this conjecture is best possible because of the complete bipartite graph K,, 2 (n odd). This conjecture has been verified in [S] for planar graphs and in [9] for graphs with a nowhere-zero 4-flow. Here we deduce from Theorems 1.2 and 1.3(d) the following result. 
An elementary lemma
We shall use the following lemma.
Lemma 2.1 (Jackson [9] ). Let G be a weighted graph, and P be a shortest postman tour. Let F be the set of edges traversed more than once by P. Then:
(1) each edge of F is traversed exactly twice by P. (7) come from a result of Kwan-Meiko (Guan Meigu) [4] .
Remark. A shortest postman tour of a graph G gives an eulerian valuation v of G such that u(e)=2 for eeF and v(e)= 1 for e&(G)-F.
Proof of Theorem 1.1
The ideas of this proof are given in [12] , but for the sake of convenience we give a complete proof here. Let P be a shortest postman tour of a bridgeless graph G, and let v be the corresponding eulerian valuation. We recall that G is considered as a weighted graph with w(e) = 1 for every edge of G. Let F be the set of edges traversed twice. By Lemma 2.1(5), F contains no cycles. Hence, G[F] is a forest. It follows that IFJ = 1 V(G)/ -p, where p is the number of the connected components of the graph H=( V(G),F). This and Lemma 2.1(4) imply that the theorem holds whenever ~33. Whence, assume pd2.
If p= 1 then H is a spanning tree, and, by Lemma 2.1(7), there are no edges of E(G)-F with both ends in H (note that G is simple). It follows that G=H; then G is not bridgeless, contradicting the hypothesis that p = 2.
If one connected component of H is an isolated vertex, x say, then a monovalent vertex y of G[F] = G-x cannot satisfy the eulerian condition (1) since y is 2-valent in G. It follows that G[F] is a spanning subgraph of G with two nontrivial connected components. Let G[F'] =G' and G[F"]=G"
be the two components
then the graph G is K4. Hence, we assume that 1 V(G")I>3. By Lemma 2.1(7), there are no edges of E(G)-F with both ends in the same component.
Let x and y be 2 monovalent vertices of G". The distance between x and y is at least 2. Because of Lemma 2.1(7), the vertices x and y are necessarily adjacent to precisely one vertex each, which implies that both x and y are 2-valent in G. But the eulerian condition (1) implies that each monovalent vertex of G" is incident to at least two edges of E(G) -F, which is a contradiction.
We
have l(P) = w(G) + w(F). Since w(G)=IE(G)I and w(F)=IFJ, it follows that l(P)dIE(G)I+) V(G))-3. This completes
the proof.
Proof of Theorem 1.2
Let G be a graph. We recall that, if eEE(G), we denote by G/e the graph obtained by contracting the edge e. Let {e,, ez} be a 2-edge-cut of a weighted graph G. Starting from the weight w of G, we define a weight w' of G/e1 such that w'(e) = w(e) for every edge e#ez of G/e1 and w'(eJ= w(el)+ w(eJ. If G is a cycle, the proof of Theorem 1.2 is obvious. We consider the case where G is not a cycle. Note that G/e1 is a cycle if and only if G is a cycle. First we need the following technical easy lemma. Let (el, ez} be a 2-edge cut of a graph G. If G is 2-connected, then G/e, is 
2-connected.
The proof is left to the reader. Now we must prove the following lemma. Let (eI, e2j be a %-edge cut of a weighted graph G without a cut- Proof. We denote by HI and H2 the subgraphs of G which are separated by {ei, ez}. Let x, y (z, t) be the ends of e, (ez) such that x, ZE P'(H,) and y, tE V(H,). The vertex obtained by contracting e, is called u. a: First we assume that there is an eulerian valuation v of G with a weight W. Since {el, e2} is a 2-edge-cut, v(er) = v(eJ. It is easy to see that the valuation v' on G/e1 such that v'(e) = v(e) for every esE(G/e,)
Lemma 4.2.
is an eulerian valuation. Moreover, by recalling that w'(eJ = w(ei) + w(e,), it is easy to see that v' has a weight equal to W. Proof. For this proof, we adapt a technique introduced by Fraisse [S] . Let G be a minimally 2-edge connected graph without cut-vertex. We denote by II (m) the number of vertices (edges) of G. Let '93 be the relation defined on E(G) by e, '3 ez o (el =e2 or {er, e2} is a 2-edge cut). This is an equivalence relation and all edges of an equivalence class lie on a cycle (see [ll] , Example 6.27, p. 42). Let (er , . . . , ek} be an equivalence class. Since G is minimally 2-edge connected, k is at least 2. We denote Gi= Gi_ r/ei for ie{2, . . . , k}, setting G1 = G. By Hence, m'--'=m-u and w'(T)62(n-1)-m. By Lemma 2.1 (4) and (6), G' has a shortest postman tour P which corresponds to our eulerian valuation such that l(P)< w'(G')+ w'(T), i.e. 
A concluding remark
Tutte stated the following conjecture in [14] .
Conjecture. Every bridgeless graph with no subgraph contractible to the Petersen graph has a nowhere-zero 4-flow.
It is easy to see that if a graph has no subgraph contractible to the Petersen graph, then it contains no subdivision of the Petersen graph. Hence, Corollaries 1.5 and 1.6
are true for graphs with no subgraph contractible to the Petersen graph. However, if the conjecture is true, these last results follow immediately from those concerning the graphs with a nowhere-zero 4-flow [9, 123. This remark lends support to Tutte's conjecture.
